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a b s t r a c t
A Sudoku grid is a 9 × 9 Latin square further constrained to have nine non-overlapping
3×3mini-grids each of which contains the values 1–9. In∆-Quasi-Magic Sudoku a further
constraint is imposed such that every row, column and diagonal in each mini-grid sums to
an integer in the interval [15−∆, 15+∆]. The problemof proving certain (computationally
known) results for ∆ = 2 concerning mini-grids and bands (rows of mini-grids) was
posed at the British Combinatorial Conference in 2007. These proofs are presented and
extensions of these provide a full combinatorial enumeration for the total number of
completed 2-Quasi-Magic Sudoku grids. It is also shown that there are 40 isomorphism
classes of completed 2-Quasi-Magic Sudoku grids.
© 2010 Elsevier B.V. All rights reserved.
1. Introduction
A Sudoku grid is a 9× 9 Latin square further subdivided into nine non-overlapping 3× 3 mini-grids, so that every row,
column andmini-grid contains the values 1, . . . , 9. The 9× 9 grid will be thought of as being subdivided into 3 bands, each
being composed of three horizontally-consecutive mini-grids, and three stacks, each being composed of three vertically-
consecutivemini-grids. Each 3×3mini-grid possesses three sub-rows, or tiers, and three sub-columns, or pillars. A∆-Quasi-
Magic Sudoku grid has the further constraint that within eachmini-grid the tier-triples, pillar-triples and diagonal-triples sum
to any integer in the interval [15−∆, 15+∆]. This will be referred to here as the sum constraint. It was shown in [2] that
there do not exist any∆-Quasi-Magic Sudoku grids in which∆ is either 0 or 1.
This paper focuses on 2-Quasi-Magic Sudoku grids in which the values in each tier, pillar and diagonal of every mini-grid
sum to an integer in the interval [13, 17]. A 2-Quasi-Magic Sudoku grid with some values removed is termed a puzzle; such a
puzzle and its corresponding solution grid (which will be referred to throughout as a 2-Quasi-Magic Sudoku grid) are given
in Fig. 1(a) and (b) respectively.
Proofs of certain inherent grid properties for 2-Quasi-Magic Sudoku were requested at the British Combinatorial
Conference in 2007 [1]. These properties are identified, and their proofs presented, in Sections 2 and 3.
This paper is structured so that properties relating to individual mini-grids and bands of 2-Quasi-Magic Sudoku grids
are presented first, in Sections 2 and 3. These properties are then extended in Section 4 to provide properties that relate
to complete grids, which are subsequently used in Section 5 to show that the total number of 2-Quasi-Magic Sudoku grids
is 248832. This result was previously known through computational means [4]. The symmetry group of Sudoku was given
in [6] and used to provide an enumeration of the number of non-isomorphic completed Sudoku grids. The symmetry groups
of 2-Quasi-Magic Sudoku form a subset of these and a similar analysis in Section 6 shows that there are 40 isomorphism
classes of completed 2-Quasi-Magic Sudoku grids. The study of 2-Quasi-Magic Sudoku is of mathematical interest due to
its relationship with similar combinatorial structures. The methods of proof presented in this paper may be extendible to
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(a) 2-Quasi-Magic Sudoku puzzle. (b) 2-Quasi-Magic Sudoku solution grid.
Fig. 1. Example 2-Quasi-Magic Sudoku puzzle and solution grid [2].
Table 1
Permutation operations generatingQ.
Permutation operation Order
Permutation of the values (1, 9)(2, 8)(3, 7)(4, 6)(5), referred to as permutation of values. 2
Permutation of bands. 3!
Permutation of stacks. 3!
Permutation of the entire top row of any band with the entire bottom row of the same band, referred to as permutation of rows. 23
Permutation of the entire left column of any stack with the entire right column of the same stack, referred to as permutation of columns. 23
Reflection in the main diagonal i.e.[Qa,b]i,j → [Qb,a]j,i . 2
∆-Quasi-Magic Sudoku for∆ ∈ {3, . . . , 9}, or similar combinatorial structures in which the dimension of the grid is larger,
or in which the grid contains different constraints.
The following notation will be used throughout the paper. Let Q be a 2-Quasi-Magic Sudoku grid and let Qa,b represent
the mini-grid in band a and stack b. Then the cell in tier i and pillar j of Qa,b is [Qa,b]i,j. The cells in mini-grids are further
described as centre cells when i = j = 2, corner cells for i, j ∈ {1, 3} and edge cells otherwise. Let the 3×3 array C represent
the values in the centre of the mini-grids such that Cp,q = [Qp,q]2,2 for all p, q.
2. Mini-grid properties
Recall that all triples within each mini-grid sum to an integer in the interval [13, 17], referred to as the sum constraint.
The following immediate observation can be made.
Observation 1. Both values from either {1, 2} or {8, 9} cannot occur in any triple in a mini-grid and hence none of the values
1, 2, 8, 9 can occur as a mini-grid centre.
C can therefore contain only the values: 3, 4, 5, 6 and 7.
In order to simplify the identification of properties, and enumeration, of 2-Quasi-Magic Sudoku the symmetry group,Q, is
defined here. Applying an element ofQ to a 2-Quasi-Magic Sudoku grid requires the resulting grid to retain the properties of
2-Quasi-Magic Sudoku. The symmetry group,Q, for 2-Quasi-Magic Sudoku is formed by the permutations given in Table 1.
The number of symmetries in Q is 9216 as given in Table 1. It should be noted that Q also permutes the values in C .
Two 2-Quasi-Magic Sudoku grids Y and Z will be considered isomorphic if f (Y ) = Z and f ′(Z) = Y where f is a symmetry
operation inQ and f ′ its inverse.
Lemma 2. In any mini-grid Qa,b with [Qa,b]2,2 = x for x ∈ {3, 7}, the values from {1, x, 9} appear only as either the second tier
or second pillar of the mini-grid.
This can be proved using a simple contradiction argument on the placement of the value 1 (or 9).
Lemma 3. If [Qa,b]2,2 = 3 and the second tier of Qa,b contains the values from {1, 3, 9}, then the first and third tiers each contain
all of the values from one of {2, 6, 7} or {4, 5, 8} and are distinct, and all the values from {2, 3, 8} occur in a diagonal-triple. The
same is true for pillars if the values from {1, 3, 9} are in the second pillar of Qa,b.
Proof. Follows immediately from Lemma 2 and the sum constraint. 
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Example 4. An example mini-grid, Qa,b where [Qa,b]2,2 = 3 is
7 6 2
1 3 9
8 4 5
In Example 4, a mini-grid Qa,b where [Qa,b]2,2 = 3 is given. All remaining arrangements of the values in Qa,b with
[Qa,b]2,2 = 3may be generated by the following: permuting the values 6 and 7; permuting the values 4 and 5; reflecting the
mini-grid in the main diagonal (causing the values from {1, 3, 9} to be on the second pillar); permutation of the first and
third tiers; and permutation of the first and third pillars. It is this restrictive placement of values in a mini-grid Qa,b with
[Qa,b]2,2 = 3 (or [Qa,b]2,2 = 7 underQ) which produces many of the properties of 2-Quasi-Magic Sudoku.
Lemma 5. No row or column of C can contain both of the values from either {3, 4} or {6, 7}.
Proof. Assume without loss of generality that [Qa,1]2,2 = 3, [Qa,2]2,2 = 4 and [Qa,3]2,2 ∈ {5, 6, 7}. By Lemma 2 there are
two main cases to consider.
Firstly let the second tier of Qa,1 contain the values from {1, 3, 9}. Now [Qa,2]2,1, [Qa,2]2,3 ∈ {2, 5, 6, 7, 8} where
[Qa,2]2,1 ≠ [Qa,2]2,3. Let I be the set of all possible valid second tier-triples for Qa,2 satisfying the sum constraint on the
second tier of Qa,3 where
I = {{4, 5, 6}, {4, 5, 7}, {4, 5, 8}, {4, 6, 7}}. (1)
Let the second tier of Qa,2 contain the values from {4, 5, 8}. Since by Lemma 3 one tier of Qa,1 also contains the values
from {4, 5, 8} then each mini-grid in this band is formed using the same three tier-triples. Since the order of the values in
the tiers of all mini-grids is unimportant the band can be represented by:
1 3 9 5 4 8
1 3 9 5 4 8 2 6 7
2 6 7 1 3 9
The sum constraint is contradicted when [Qa,2]2,2 = 4 and one pillar or diagonal triple contains the values 1, 4 and one
from {2, 6, 7}. Hence the values from {4, 5, 8} cannot be contained within a single tier of Qa,2 (or Qa,3).
Now consider the three remaining possible second tier-triples in Eq. (1). In Qa,2 the value 1 must occur in a triple with 4
so without loss of generality assume that [Qa,2]1,1 = 1; in order to satisfy the sum constraint the other value in this triple
is 8 or 9. Taking these values in turn first assume that [Qa,2]3,3 = 8. By Observation 1, [Qa,2]1,2 = 9, then in order to satisfy
the sum constraint, [Qa,2]3,2 = 2 and [Qa,2]1,3 = 3. The band can be represented by:
2 6 7 1 9 3
9 3 1 4
4 5 8 2 8
Since the values from {1, 3, 9} are contained in the first tier of Qa,2 and the second tier of Qa,2 contains the value 4, then the
third tier of Qa,2 must contain the values from {2, 6, 7}which causes a contradiction.
Now assume [Qa,2]3,3 = 9. By Observation 1, [Qa,2]1,2 = 8 then in order to satisfy the sum constraint [Qa,2]3,2 = 2 and
[Qa,2]3,1 = 3. The band can be represented by:
2 6 7 1 8
9 3 1 4
4 5 8 3 2 9
This forces a contradiction on the sum constraint on the values in the first pillar of Qa,2. Thus the second tier of Qa,1 cannot
contain all the values from {1, 3, 9} if [Qa,2]2,2 = 4.
Secondly let the second pillar of Qa,1 contain the values from {1, 3, 9}.
Let [Qa,3]2,2 = 5. By Lemma 3 and the sum constraint the second tier of Qa,1 contains one value from {6, 7} and one from
{4, 5}which is a contradiction.
Now let [Qa,3]2,2 = 7; two subcases are formed. For the first subcase let Qa,3 have the values from {1, 7, 9} in the second
pillar. However by Lemma 2, Qa,1 contains one value from each of {6, 7} and {4, 5} on the second tier and byQ, Qa,3 contains
one value from each of {3, 4} and {5, 6} on the second tier which is a contradiction. Since the order of the values in the tiers
of the mini-grid is unimportant this may be represented by:
1 8 9 2
3 4 7
2 9 8 1
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For the second subcase let Qa,3 have the values from {1, 7, 9} in the second tier. This is a contradiction since [Qa,b]2,j ≠ 4
for b, j ∈ {1, 3} by Lemma 3 and the definition ofQ. Since the order of the values in the tiers of Qa,1 is unimportant the band
can now be represented by:
7 1 8 4 3
6 3 5 4 1 7 9
2 9 4 6 5
From the above and the definition ofQ the remaining possible combinations for a rowofC are: {3, 5, 6}, {3, 5, 7}, {4, 5, 7},
{3, 4, 6}, {4, 6, 7} and {4, 5, 6}. A band for which a row of C contains the values from {3, 4, 6} must be formed where Qa,b
with [Qa,b]2,2 = 3 has the values from {1, 3, 9} in the second pillar. Then the following represents the possible combinations
for C wherem ∈ {6, 7} and n ∈ {3, 4}:
3 4 6
5 n
m 5
Two cases occur for the second column of C since this column already contains the value 4; the second column of C
contains all the values either from {3, 4, 6} or from {4, 6, 7}.
Let Q1,1 with [Q1,1]2,2 = 3 contain the values from {1, 3, 9} in the second pillar, since these values cannot occur on the
second tier.Without loss of generality let the second column of C also contain the values from {3, 4, 6}. There occurs another
mini-grid Qa,2 such that [Qa,2]2,2 = 3 and as a result a mini-grid Qa,1 for which the values from {1, 3, 9} are on the corners.
Since the order of the values in the tiers of Q2,2 is unimportant and where {1, 3, 9} ⊂ {p, q, r, s} this can be represented by:
1
3 4 6
9
p q
1 3 9
r s
6
There is therefore a contradiction of the sum constraint in Q2,1, for which the values from {1, 3, 9} are on the corners.
Consider the case where the second column of C contains the values from {4, 7, 6}. The array C can now be represented
by the following wherem ∈ {6, 7} and n ∈ {3, 4}:
3 4 6
5 7 n
m 6 5
3 4 6
5 6 n
m 7 5
Since the only possible combinations for a row/column of C are {3, 5, 6}, {3, 5, 7}, {4, 5, 7}, {3, 4, 6}, {4, 6, 7} or {4, 5, 6}
neither combination produces a valid array C .
The same holds true for a row or column of C containing both of the values from either {3, 4} or {6, 7} byQ. 
As a consequence of Lemma 5 each row or column of C contains all of the values from one of:
{3, 5, 6}, {3, 5, 7}, {4, 5, 7}, {4, 5, 6}. (2)
Corollary 6. Each row and column of C contains exactly one value 5.
Proof. Follows directly from Lemma 5. 
Lemma 7. If C contains exactly one occurrence of the value, n, in every row and column then any mini-grid Qa,b, with
[Qa,b]2,2 ≠ n, contains the value n on a corner.
Proof. Since each value n appears in each row and column of C then in each mini-grid Qa,b with [Qa,b]2,2 ≠ n for either
i = 2 or j = 2, [Qa,b]i,j ≠ n. 
Corollary 8. Any mini-grid Qa,b with [Qa,b]2,2 ≠ 5 contains the value 5 in a corner cell.
Proof. Follows directly from Corollary 6 and Lemma 7. 
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As a result of Corollaries 6 and 8 the placement of the value 5 within both C and an entire 2-Quasi-Magic Sudoku grid is
greatly restricted. This restriction also allows for rules to be created on the placement of other values within the mini-grids.
Lemma 9. If [Qa,b]2,2 = x with x ∈ {4, 5, 6} and both of the values {4, 5, 6} \ x are contained in tier one or tier three of Qa,b,
then the values 1 and 9 occur in the second tier of Qa,b.
Proof. Let [Qa,b]2,2 = x with x ∈ {4, 5, 6} and without loss of generality assume the first tier of Qa,b contains the values
from {4, 5, 6} \ x. By the sum constraint the remaining value in the first tier cannot be 1 or 9. Consider the two triples
containing x and one value from {4, 5, 6} \ x; by the sum constraint the third tier contains one value from each of two sets
from {3, 7}, {2, 3}, {7, 8} which satisfy the sum constraint. Hence by the sum constraint neither 1 nor 9 can be in the third
tier. 
Lemma 10. For Qa,b with [Qa,b]2,2 = 5, the first and third tier each contain one value from {4, 6}.
Proof. Denote by J the set of possible valid row combinations for C which are non-isomorphic underQ, where
J = {{3, 5, 7}, {3, 5, 6}, {4, 5, 6}}. (3)
Take each element of J in turn.
Assumewithout loss of generality that [Qa,1]2,2 = 3, [Qa,2]2,2 = 7 and [Qa,3]2,2 = 5. By Lemma 3 the values 2 and 8 are in
opposite diagonal corners in Qa,1 and Qa,2. The second tier of Qa,3 therefore contains the values from {2, 5, 8}. Assume that
the values 4 and 6 are both contained in the same tier of Qa,3. By Lemma 9 the values 1 and 9 must then be in the second
tier of Qa,3 which causes a contradiction. Since the order of the values in the tiers of the mini-grids is unimportant the band
can now be represented by:
2 9 5 8
6 3 4 9 7 1 5
7 1 8 2 4 6
Let the row, a, of C contain {4, 6, 5} and [Qa,3]2,2 = 5. Assume without loss of generality the values from {4, 6} occur in
the first tier of Qa,3. Then two mini-grids, Qa,b for b ∈ {1, 2, 3} where [Qa,b]2,2 = x, contain the values from {4, 5, 6} \ x in
one tier. Hence by Lemma 9 two mini-grids contain 1 and 9 on the second tier and therefore there is a contradiction.
Finally, let [Qa,1]2,2 = 3, [Qa,2]2,2 = 6 and [Qa,3]2,2 = 5. Let Qa,1 have the values from {1, 3, 9} on the second tier or
second pillar and assume that the first and third tier of Qa,3 do not each contain exactly one of {4, 6}. Since the order of the
values in the tiers is unimportant then by Lemma 3 the following bands are produced where the possible positions of the
value 4 are shown in italics.
6 1 8 4 5
7 3 4 6 5
2 9 5 4 6
8 4 5 6
1 3 9 4 6 4 5
6 7 2 4 5 4
For either b = 2 or b = 3 (or both) the mini-grid Qa,b with [Qa,b]2,2 = x contains the values from {4, 5, 6} \ x in the same
tier (but not the second tier), and thus one (or both) contain the values from {1, 9} in the second tier, by Lemma 9, there is
therefore a contradiction. 
Corollary 11. Let [Qa,b]2,2 = 5 for some a, b ∈ {1, 2, 3}, then {4, 5, 6} forms a diagonal-triple in Qa,b.
Proof. Follows directly from Lemma 10 and the definition ofQ. 
Corollary 12. Exactly one value from each of {1, 2, 3}, {4, 5, 6} and {7, 8, 9} occurs in each tier and pillar of Qa,b with
[Qa,b]2,2 = 5.
Proof. Follows directly from Observation 1 and Corollary 11. 
Corollaries 11 and 12 are indirect results of Corollaries 6 and 8. Together the restriction of the placement of the value 5
within C and within mini-grids, along with the placement of the values 4 and 6 on the diagonal of any mini-grid Qa,b, with
[Qa,b]2,2 = 5, greatly restrict how the remaining values may be organised in a complete 2-Quasi-Magic Sudoku grid.
Corollary 13. Let Cp,q ∈ {4, 5, 6} for all p, q. In all mini-grids every tier and pillar contains exactly one value from each of
{1, 2, 3}, {4, 5, 6} and {7, 8, 9}.
Proof. Follows directly from Observation 1 and Corollaries 11 and 12. 
The symmetry groupM, acting on a mini-grid Qa,b, will be defined by the permutation operations given in Table 2.
Consider the symmetry operation m consisting of permutation of values, permutation of the entire first tier with the
entire third tier and permutation of the entire first pillar with the entire third pillar. Somemini-grid arrangements are fixed
under m and therefore the symmetry group, M, is formed without permutation of values (and thus m ∉ M). There are
therefore no mini-grids fixed byM.
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Table 2
Permutation operations generatingM on Qa,b .
Permutation operation Order
Permutation of the entire first tier with the entire third tier. 2
Permutation of the entire first pillar with the entire third pillar. 2
Reflection in the main diagonal i.e.[Qa,b]i,j → [Qa,b]j,i . 2
Example 14. An example mini-grid fixed by m.
8 3 6
1 5 9
4 7 2
SinceM is a subgroup of Q, the former is used in the enumeration of 2-Quasi-Magic Sudoku grids leading to the main
result in Theorem 40.
The rules on the placement of the values in mini-grids have been established. That is, the value 5 must occur once in
every row and column of C and in any mini-grid Qa,b with [Qa,b]2,2 ≠ 5, the value 5 is in a corner cell. Additionally for a
mini-grid Qa,b with [Qa,b]2,2 = 5, the values 4 and 6 must be on opposite corners and every tier and pillar must contain
exactly one value from each of {1, 2, 3}, {4, 5, 6} and {7, 8, 9}. These last two results are now used to give a construction for
creating amini-gridQa,b where [Qa,b]2,2 = 5. Based on this construction and the symmetry operations ofM thesemini-grids
are enumerated and classified. Firstly construct a 3× 3 array using Construction 15 in which the values in the rows sum to
an integer in the interval [13, 17]. Two such arrays may be used to form a mini-grid Qa,b with [Qa,b]2,2 = 5 as detailed in
Construction 16.
Construction 15. Form a 3× 3 array K such that the values in each row sum to an integer in the interval [13, 17]. Let K1,2 = 4,
K2,2 = 5 and K3,2 = 6 and place the values from {1, 2, 3} in some order in the first column and {7, 8, 9} in some order in the
third column.
Note that when applying Construction 15 if any row contains all of the values from {1, 4, 7} or {3, 6, 9} the values in that
row do not sum to an integer in the interval [13, 17].
Construction 16. Take two arrays formed by Construction 15 that have exactly one value in common in each row. Label the first
array T and the second P. Form a mini-grid Qa,b with [Qa,b]2,2 = 5 such that [Qa,b]i,j = x if Ti,r = x and Pj,s = x for any
r, s ∈ {1, 2, 3}.
If the value x is in the ith row of T and the jth row of P then in Qa,b the value x is in tier i and pillar j.
Example 17. An example mini-grid formed by Construction 16:
T =
1 4 8
2 5 9
3 6 7
P =
2 4 7
3 5 8
1 6 9
Qa,b =
4 8 1
2 5 9
7 3 6
Lemma 18. Every validmini-grid Qa,b with [Qa,b]2,2 = 5 can be formed by Construction 16 and the application of the symmetries
of M.
Proof. Any mini-grid Qa,b with [Qa,b]2,2 = 5 formed by Construction 16 satisfies the sum constraint. By Corollary 12 one
value from each of {1, 2, 3}, {4, 5, 6} and {7, 8, 9} occurs in each tier and pillar of Qa,b with [Qa,b]2,2 = 5which is satisfied by
Construction 16, and all possible arrangements of these values are given for each of the arrays T and P in Construction 15. In
addition to the combinations of the values {1, 2, 3}, {4, 5, 6} and {7, 8, 9} produced by the arrays T and P (Construction 15),
the symmetry operations ofM produce everymini-grid Qa,b with [Qa,b]2,2 = 5 by allowing the values from {4, 5, 6} to occur
in each diagonal triple. 
Lemma 19. If every row of T contains exactly one value from {1, 4, 7} or from {3, 6, 9} then there is only one valid array P with
which to form a mini-grid by Construction 16. Otherwise there are two valid P arrays.
Proof. Consider the arrays T and P in Construction 16. For any T there are two arrays P for which no two values in any row
of T occur in a row of P .
If exactly one value from {1, 4, 7} and/or {3, 6, 9} occurs in each row of T , then in one P these values occur together
within a row, therefore not forming a valid array P; the other P is valid.
If one row of T contains two values from {1, 4, 7} and another row contains two values from {3, 6, 9} then both of the
two possible arrays P are valid. 
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(a) Double
mixed.
(b) Pure (1). (c) Pure (2).
Fig. 2. Mini-grids fixed by m.
Definition 20. A mini-grid Qa,b will be classified in three ways: Mixed if every tier and every pillar of Qa,b contains exactly
one value either from {1, 4, 7} or from {3, 6, 9}, Double Mixed if every tier and every pillar of Qa,b contains exactly one value
from both {1, 4, 7} and {3, 6, 9}, and Pure otherwise.
Example 21. Examples of the classifications of mini-grids.
Pure :
4 1 9
7 5 2
3 8 6
Mixed :
6 7 1
2 5 9
8 3 4
Double Mixed :
8 3 4
1 5 9
6 7 2
The classifications pure, mixed and double mixed can apply to any mini-grid. However in practice if a mini-grid Qa,b has
[Qa,b]2,2 ∈ {4, 6} then it cannot be double mixed since this contradicts the sum constraint. If the values from {1, 4, 7} occur
in different tiers and pillars in a mini-grid Qa,b with [Qa,b]2,2 = 4 then the values in the diagonal do not satisfy the sum
constraint. Similarly for Qa,b with [Qa,b]2,2 = 6 the values from {3, 6, 9} cannot occur in the diagonal.
Lemma 22. The number of non-isomorphic mini-grids Qa,b with [Qa,b]2,2 = 5 under M is 22. Of these mini-grids 15 are pure
mini-grids, 6 are mixed mini-grids and 1 is a double mixed mini-grid.
Proof. Form a mini-grid Qa,b using Construction 16. The first column of the array T may have the values {1, 2, 3} in 3!
positions, and the third column of T may have the values {7, 8, 9} in 3! positions. However, since no row may contain all of
{1, 4, 7} or {3, 6, 9} (7 ways) there are 29 valid combinations for T .
There are two ways of forming a mixed mini-grid by placing exactly one value from either {1, 4, 7} or {3, 6, 9} in each
row of T and 4 ways of arranging the other values (in one instance both occur, producing one double mixed mini-grid). By
Lemma 19 there is one array P withwhich to form a validmini-grid formixed and doublemixedmini-grids. In the remaining
15 cases by Lemma 19 there are two arrays P with which to form a valid mini-grid.
Since the order of choosing T and P is unimportant then the number of non-isomorphic mini-grids under M is
(1/2)(14× 1+ 15× 2) = 22. 
Recall that a double mixed mini-grid has the values from {1, 4, 7} and {3, 6, 9} in different tiers and pillars, and that a
mixedmini-grid has the values from either {1, 4, 7} or {3, 6, 9} in different tiers and pillars. Amini-grid is pure if it is neither
mixed nor double mixed. It is now possible to classify those mini-grids Qa,b with [Qa,b]2,2 = 5 which are fixed under m.
Observation 23. If a mini-grid Qa,b with [Qa,b]2,2 = 5 is a double mixed mini-grid then it is fixed under m.
Observation 24. There are two pure non-isomorphic (underM)mini-grids Qa,b with [Qa,b]2,2 = 5 which are fixed under m.
In Fig. 2 mini-grids that illustrate Observations 23 and 24 are given.
3. Band properties
The following properties are applicable to any band or stack in a complete 2-Quasi-Magic Sudoku grid.
Lemma 25. If a row, a, of C contains the values from {3, x, 5} for x ∈ {6, 7} then for Qa,b with [Qa,b]2,2 = 5 the second tier
contains the value 8.
This can be proved using a simple contradiction argument on the placement of the value 8.
Corollary 26. If a row, a, of C contains the values from {3, 7, 5}, then Qa,b for [Qa,b]2,2 = 5 is fixed under Q and is a pure
mini-grid.
Proof. Follows directly from Lemma 2 and the definition ofQ. 
Observation 27. A band formed using a row of C containing the values from {3, 7, 5} may be used to form an alternative
band such that the corresponding row of C contains the values {3, 6, 5}. This only occurs if (in both bands) the mini-grid
Qa,b with [Qa,b]2,2 = 3 has the values from {1, 3, 9} on the second pillar. The alternative band is formed by permuting the
values 6 and 7 within both mini-grids for which [Qa,c]2,2 ≠ 5.
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Fig. 3. Formation of 2-Quasi-Magic Sudoku bands.
Example 28. An example of Observation 27 is given below.
8 1 7 5 6 2 9 3 4
4 3 6 1 7 9 2 5 8
5 9 2 8 3 4 6 7 1
8 1 6 5 7 2 9 3 4
4 3 7 1 6 9 2 5 8
5 9 2 8 3 4 6 7 1
Lemma 29. If a row, a, of C contains the values from {4, 5, 6} then the following rules define that band.
• At most one mini-grid Qa,b with [Qa,b]2,2 ∈ {4, 6} is mixed.
• If Qa,b with [Qa,b]2,2 = 5 is double mixed then both other mini-grids in the band are pure.
• If Qa,b with [Qa,b]2,2 = 5 is mixed then exactly one other mini-grid in the band is mixed.
Proof. Let [Qa,1]2,2 = 5, [Qa,2]2,2 = 4 and [Qa,3]2,2 = 6. By Corollary 13 each tier of every mini-grid contains exactly one
value from each of the following three sets: {1, 2, 3}, {4, 5, 6} and {7, 8, 9}. Consider the sum constraint to be acting only on
the tiers of the mini-grids and not on the pillars, then four types of bands are formed. These types are given in Fig. 3; note
that Qa,1 is always of the same form.
Consider the placement of values 1, 3, 7 and 9. If Qa,2 (or Qa,3) is mixed then the values from {3, 6, 9} are in different
tiers. Given the band combinations in Fig. 3 the sum constraint in Qa,3 (or Qa,2) is contradicted by either the placement of
the values 3 and 9 or, as a direct result, the values 1 and 7. Therefore, more generally, in a band for which a row of C contains
the values from {4, 5, 6} then at most one mini-grid Qa,b with [Qa,b]2,2 ∈ {4, 6} is mixed.
The following combinations are possible for the placement of the values 1, 3, 7 and 9 such that they do not contradict the
sum constraint in Qa,1. These combinations are used to classify Qa,1 as being pure, mixed or double mixed:
{c, e} = {1, 7}, {b, f } = {1, 7}, {a, e} = {3, 9}, {b, d} = {3, 9}.
1. If exactly one of the above combinations occurs the mini-grid Qa,1 is mixed. Two possible situations occur in Qa,2 and
Qa,3: either the sum constraint is contradicted in Qa,2 or Qa,3, or one of Qa,2 or Qa,3 is mixed and one is pure. Therefore,
more generally, in a band for which a row of C contains the values from {4, 5, 6} if Qa,b with [Qa,b]2,2 = 5 is mixed then
exactly one other mini-grid in the band is mixed.
2. If two of the above combinations occur then either the sum constraint is contradicted in Qa,2 or Qa,3 or both mini-grids
are pure. Therefore, more generally, in a band for which a row of C contains the values from {4, 5, 6} then if Qa,b with
[Qa,b]2,2 = 5 is double mixed then both other mini-grids in the band are pure. 
4. Properties of complete grids
The properties of mini-grids and bands given in Sections 2 and 3 will be used in this section to provide properties
applicable to complete 2-Quasi-Magic Sudoku grids. As well as proving certain computationally known results from [1]
these properties will be used to simplify the enumeration given in Section 5.
Lemma 30. The array C contains at most one value 3 and at most one value 7. If both occur they are in the same row or column
of C.
Proof. The array C cannot contain two 3s or two 7s since by Lemma 25 and the definition of Q this may not be completed
to a full grid.
Let the array C contain a row a or column b that has the values from {3, 7, 5}. Assume without loss of generality that
[Qa,b]2,2 = 3 and [Qc,d]2,2 = 7 for a ≠ c and b ≠ d. Since either [Qa,d]2,2 = 5 or [Qc,b]2,2 = 5, by Corollary 6, neither can
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Table 3
Permutation operations generating L.
Permutation operation Order
Permutation of the entire top row of any band with the bottom row of the same band. 23
Permutation of the entire left column of any stack with the right column of the same stack. 23
Reflection in the main diagonal i.e.[Qa,b]i,j → [Qb,a]j,i . 2
Permutation of stacks and bands so that C is not fixed. 3!×2
produce a valid mini-grid since the values 2 and/or 8 must be in both the second tier and second pillar by Lemma 25 and the
definition ofQ. This is also true of a row of C containing {3, 6, 5} if Qa,b has {1, 3, 9} in the second tier by Observation 27.
Let a row, a, of C contain the values from {3, 6, 5} and a column, c , of C contain the values from {7, 4, 5}. Assumewithout
loss of generality that [Qc,b]2,2 = 5. By Lemma 25 the value 8 is in the second pillar and by Lemma 25 and the definition of
Q the value 2 is in the second tier. Since the values 4 and 6 are in a diagonal-triple of Qc,b then the values 3 and 7 are in the
other diagonal triple. Without loss of generality this arrangement of values may be represented by the following diagram
where {{x, y}, {m, n}} = {{4, 6}, {3, 7}}:
3 6 5
4
m y
2 5 7
x 8 n
However since the values 1 and 3 may not be in a triple without the value 9, and similarly the values 7 and 9 may not be in
a triple without the value 1 this is a contradiction on the sum constraint in Qc,b. 
Corollary 31. By Lemma 30 and the definition of Q there are three non-isomorphic arrays C which may be formed:
3 7 5
6 5 4
5 4 6
3 6 5
6 5 4
5 4 6
4 6 5
6 5 4
5 4 6
Proof. Follows directly from Lemma 30. 
Consider the three non-isomorphic arrays given in Corollary 31. Since the second and third rows of each array C contain
the values 4, 5 and 6 then the arrays will be referred to hereafter by the combination of values in the top row: {3, 7, 5},
{3, 6, 5} or {4, 6, 5}.
Recall the symmetry group, Q which contains 9216 elements. This symmetry group will be used in Section 5 for the
enumeration of 2-Quasi-Magic Sudoku grids for which the top row of C contains the values from {3, x, 5} for x ∈ {6, 7},
since these grids have no fixed points underQ. 2-Quasi-Magic Sudoku grids for which the top row of C contains the values
from {4, 5, 6} do contain fixed points underQ but do not contain fixed points under L (the symmetry group formed by the
permutation operations given in Table 3). Therefore L will be used for the enumeration of 2-Quasi-Magic Sudoku grids for
which the top row of C contains the values from {4, 5, 6}. The symmetry group L is defined by the permutation operations
given in Table 3. L contains 1536 symmetries and differs fromQ in that it does not contain the permutation of values or full
permutation of the stacks and bands; it should be noted that the array C is not fixed under L.
5. Enumeration of 2-Quasi-Magic Sudoku grids
The number of 2-Quasi-Magic Sudoku grids for each of the three non-isomorphic arrays C (Corollary 31) is determined
by using the properties described in the previous sections. Lemmas 32, 33 and 35–39 are used to determine the total number
of 2-Quasi-Magic Sudoku grids, which is given in Theorem 40.
Lemma 32. If the top row of C contains the values from {3, 7, 5} the number of non-isomorphic 2-Quasi-Magic Sudoku grids
under Q is 1.
Proof. Let Q1,1 with [Q1,1]2,2 = 3 contain the values {1, 3, 9} in the second pillar (by Lemma 2) and let [Q2,1]2,2 = 6. Q2,1
and Q2,2 are mixed by Lemma 3. Then both the first and second stacks contain two mixed mini-grids and therefore there is
only one way to complete this type of grid. 
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Lemma 33. If the top row of C contains the values from {3, 5, 6} the number of non-isomorphic 2-Quasi-Magic Sudoku grids
under Q is 2.
Proof. LetQ1,1 contain the values from {1, 3, 9} in the second tier (by Lemma 2) and let [Qa,b]2,2 = 6 for a, b ∈ {1, 2}, a ≠ b.
Q1,2 is a mixed mini-grid by Lemmas 2 and 3. Qc,1 is a mixed mini-grid for either c = 2 or c = 3. Hence there are two ways
of completing this grid. 
Definition 34. A band of a 2-Quasi-Magic Sudoku contains pure rows if all the mini-grids in the band are pure, and mixed
rows otherwise.
2-Quasi-Magic Sudoku grids for which the top row of C contains all values from {4, 6, 5} are considered in two ways:
whether a mini-grid Qa,b with [Qa,b]2,2 = 5 is pure, mixed or double mixed, and whether the bands and stacks are formed
using pure or mixed rows.
Lemma 35. If the top row of C contains the values from {4, 5, 6} and a mini-grid Qa,b with [Qa,b]2,2 = 5 is pure and the bands
and stacks are formed using pure rows then the number of non-isomorphic 2-Quasi-Magic Sudoku grids under L is 105.
Proof. Consider Qa,b to be one of the 15 pure mini-grids (Lemma 22). Let all bands and stacks be formed using pure rows.
There is oneway of completing a grid in this case and for eachQa,b with [Qa,b]2,2 ∈ {4, 5, 6} then [Qa,b]i,j = [Qc,d]i,j = [Qe,f ]i,j
where a, c, e are all different, and d, e, f are all different.
Let Q1,1 be fixed. Since all mini-grids are pure, and all bands and stacks are formed using pure rows, then there are two
ways of arranging the values in the pillars in stacks two and three, and twoways of arranging the values in the tiers in bands
two and three. Since all tiers and all pillars cannot contain the same sets of values then there are 6 grids which may be
completed in this way. 
Lemma 36. If the top row of C contains the values from {4, 5, 6} and a mini-grid Qa,b with [Qa,b]2,2 = 5 is pure and there is at
least one band and one stack formed using mixed rows then the number of non-isomorphic 2-Quasi-Magic Sudoku grids under L
is 6.
Proof. Let C contain the values from {4, 6, 5} in which Q1,1 is pure with [Q1,1]2,2 = 5. Without loss of generality let the top
band be composed of mixed rows, and so either Qa,2 or Qa,3 is a mixed mini-grid (by Lemma 29). Let the first stack contain
only pure rows. Then either the second or third band is formed using pure rows, thus giving two ways to complete the grid.
There is only one arrangement for Q1,1 with this property. Consider the mini-grids Qa,b with [Qa,b]2,2 = 5 of which only one
is pure. Since there are 3 positions for this pure mini-grid then there are 6 complete grids of this type. 
Lemma 37. If the top row of C contains the values from {4, 5, 6} and a mini-grid Qa,b with [Qa,b]2,2 = 5 is mixed and the bands
and stacks are formed using mixed rows then the number of non-isomorphic 2-Quasi-Magic Sudoku grids under L is 6.
Proof. Let C contain the values from {4, 6, 5} in which Qa,1 with [Qa,1]2,2 = 5 is one of the 6 mixed grids from the proof
of Lemma 22. Then by Lemma 29 either Qa,2 or Qa,3 is also mixed. Assume without loss of generality that Qa,3 is a mixed
mini-grid, then stacks one and three are both formed using mixed rows. This grid is formed in only one way since for each
Qa,b with [Qa,b]2,2 ∈ {4, 5, 6}where a, c, e are all different, and b, d, f are all different [Qa,b]i,j = [Qc,d]i,j = [Qe,f ]i,j. 
Lemma 38. If the top row of C contains the values from {4, 5, 6} and a mini-grid Qa,b with [Qa,b]2,2 = 5 is double mixed and
the bands and stacks are formed using mixed rows then the number of non-isomorphic 2-Quasi-Magic Sudoku grids under L is 9.
Proof. Let C contain the values from {4, 6, 5} in which Q1,1 is double mixed with [Q1,1]2,2 = 5. There is only one mini-grid
with these properties (Lemma 22). Q1,2 and Q1,3 are both pure by Lemma 29. There are three ways of forming grids of this
type:
Every mini-grid Qa,b with [Qa,b]2,2 = 5 is double mixed so as to form mixed rows in the bands and stacks. Hence there
are two 2-Quasi-Magic Sudoku grids of this type, since the pure grids in the first band each have two ways of arranging the
values in pillars. For each Qa,b with [Qa,b]2,2 ∈ {4, 5, 6} then [Qa,b]i,j = [Qc,d]i,j = [Qe,f ]i,j where a, c, e are all different, and
b, d, f are all different.
Let [Qa,a]2,2 = 5 for a = 1, 2, 3. Consider the two arrangements in the above case. Allow the upper triangle (from the
main diagonal) to take one arrangement and the lower triangle to take the other since all Qa,a are fixed under reflection in
themain diagonal, and under permutation of the values. The two possible arrangements for this 2-Quasi-Magic Sudoku grid
are isomorphic under reflection in the main diagonal; hence there is only one way of forming a 2-Quasi-Magic grid of this
type.
Without loss of generality let the mini-grid Q3,3 with [Q3,3]2,2 = 5 be double mixed by Lemma 29 so that
[Q1,1]i,j = [Q3,3]i,j, then let bands and stacks be formed by different mixed rows. Let [Q2,2]2,2 = 5 then [Qa,a]i,j = [Q2,2]j,i for
a ∈ {1, 3} and there is only oneway to complete a grid of this type. Consider all themini-gridsQc,d forwhich [Qc,d]2,2 = y for
y ∈ {4, 6}; since each Qa,c has different tier and pillar triples there are 3!ways to arrange these values within their positions
of C . 
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Lemma 39. If the top row of C contains the values from {4, 5, 6} and a mini-grid Qa,b with [Qa,b]2,2 = 5 is double mixed and
at least one band and stack are formed using pure rows then the number of non-isomorphic2-Quasi-Magic Sudoku grids under L
is 18.
Proof. Let C contain the values from {4, 6, 5} in which Q1,1 is double mixed with [Q1,1]2,2 = 5. There is only one mini-
grid with these properties (Lemma 22). Mini-grids Q1,2, Q1,3, Q2,1 and Q3,1 are pure by Lemma 29. However without loss of
generality the tiers of Q1,2 and pillars of Q2,1 with [Q1,2]2,2 = [Q1,2]2,2 contain the same values (by Observation 23), and so
there is one position for a band consisting of pure rows. Since forQa,b with [Qa,b]2,2 ∈ {4, 6} then [Qa,b]i,j ≠ [Qc,d]i,j ≠ [Qe,f ]i,j
where a, c, e are all different, and b, d, f are all different; since each Qa,c has different tier and pillar triples there are 3!ways
to arrange these values within their positions of C . 
Theorem 40. There are 248 832 completed 2-Quasi-Magic Sudoku grids.
Proof. There is one 2-Quasi-Magic Sudoku grid with a row of C containing all of the values from {3, 7, 5} by Lemma 32.
There are two 2-Quasi-Magic Sudoku grids with a row of C containing all of the values from {3, 6, 5} (and equivalently for
{7, 4, 5} byQ) by Lemma 33. Since |Q| = 9216 this gives 27648 2-Quasi-Magic Sudoku grids.
Let a row of C contain all of the values from {4, 6, 5}. There are a total of 144 2-Quasi-Magic Sudoku grids under L as
given by Lemmas 35–39. The size of L is 1536, thus accounting for 221184 2-Quasi-Magic Sudoku grids.
Hence there are 248832 completed 2-Quasi-Magic Sudoku grids in total. 
6. Non-isomorphic 2-Quasi-Magic Sudoku grids
Recall thatQ is a finite group of symmetry operations containing 9216 elements, which acts on a set X , where X contains
all 248832 2-Quasi-Magic Sudoku grids. By using the same method detailed in [6] (for Sudoku) the number of orbits (non-
isomorphic 2-Quasi-Magic Sudoku grids) under the symmetry group is given by Burnside’s Lemma (Lemma 41). Each orbit
is equivalent to an isomorphism class of 2-Quasi-Magic Sudoku grids underQ.
Lemma 41 (Burnside’s Lemma [5]). If X is a finite G-set and N is the number of G-orbits of X, then
N = 1|G|
−
g∈G
F(g)
where, for g ∈ G, F(g) is the number of x ∈ X fixed by g.
Firstly partitionQ into conjugacy classes (Qi) where every element of Qi has the same number of fixed points in X and
Q = Q1 ∪ Q2 ∪ · · · ∪ Qk.
In GAP [3] a 2-Quasi-Magic Sudoku grid is defined as containing the values 1, . . . , 81 in canonical order. The symmetry
group inGAP is defined as containing the symmetry groupQwithout the permutation of values. A list of 65 conjugacy classes
for 2-Quasi-Magic Sudokugrids is obtained, and after incorporating thepermutation of values a total of 130 conjugacy classes
are constructed. There are only three conjugacy classes, the identity e, and two labelled Q1 and Q2, under which some 2-
Quasi-Magic Sudoku grids are fixed. Let q1 ∈ Q1 and q2 ∈ Q2 be representative elements of the conjugacy classes with some
fixed points in X . Define q1 and q2 in the following ways:
Definition 42. The representative element q1 cycles the stacks to the left by 1 position and cycles the bands up by 1 position
(the values in C return to their original positions).
Definition 43. The representative element q2 permutes the values, permutes all the rows and all the columns of the grid,
then permutes the stacks and permutes the bands of a 2-Quasi-Magic Sudoku grid in such a way as to return the values of
C to their original positions.
Example 44. The following 2-Quasi-Magic grids in Fig. 4 can be given as examples of fixed points in X under q1 and q2. (Note
that although x2 is also fixed under q1, x1 is not fixed under q2.)
The centralizer of an element qi ofQ is the set of all elements ofQwhich commute with qi. If CQ(qi) is the centralizer of
qi then:
CQ(qi) = {q ∈ Q | qqiq−1 = qi}.
Since all elements of a conjugacy class have the same size centralizer then by Lagrange’s theorem [5] the size of the conjugacy
class, |Qi|, is given by
|Qi| = |Q|/|CQ(qi)|.
Lemma 45. The cardinality of Q1 is 64.
Proof. The centralizer of q1, CQ(q1), contains 144 elements formed by the permutations in Table 4.
Thus the cardinality of Q1 is |Q1| = 9216/144 = 64. 
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(a) Fixed point in X under q1 . (b) Fixed point in X under q2 .
Fig. 4. Example 2-Quasi-Magic Sudoku grids fixed under an element ofQ.
Table 4
Permutations forming the centralizer of q1 .
Permutation operation Order
Permutation of the values (1, 9)(2, 8)(3, 7)(4, 6)(5). 2
Permute the rows in all three stacks. 2
Permute the columns in all three bands. 2
Permute the stacks and bands corresponding to fixing C . 3
Permute the stacks and bands corresponding to permuting the values in C . 3!
Table 5
Permutations forming the centralizer of q2 .
Permutation operation Order
Permutation of the values. 2
Reflection in the main diagonal. 2
Permute the second and third bands. 2
Permute the second and third stacks. 2
Permute the first and third rows in the second and third bands. 2
Permute the first and third rows in the first band. 2
Permute the first and third columns in the second and third stacks. 2
Permute the first and third columns in the first stack. 2
Lemma 46. The cardinality of Q2 is 36.
Proof. Without loss of generality let q2 have a fixed element x2 where C is
5 4 6
6 5 4
4 6 5
The centralizer of q2, CQ(q2), contains 256 elements formed by the permutations in Table 5.
Thus the cardinality of Q2 is |Q2| = 9216/256 = 36. 
Lemma 47. There are 1152 fixed 2-Quasi-Magic Sudoku grids under q1.
Proof. By Definition 42 a 2-Quasi-Magic Sudoku grid (x1 ∈ X) is fixed under q1 if the array C for that grid contains only
three values (4, 5 and 6) and [Qa,b]i,j = [Qc,d]i,j = [Qe,f ]i,j where a, c, e are all different, and d, e, f are all different.
There are 24 2-Quasi-Magic Sudoku grids with the properties of x1: 15 by Lemma 35, 6 by Lemma 37 and 3 by the proof
of Lemma 38.
Furthermore the permutations in Table 6 may be applied to any element with the properties of x1 and it is still fixed
by q1. 
Lemma 48. There are 1280 fixed 2-Quasi-Magic Sudoku grids under q2.
Proof. By Definition 42 a 2-Quasi-Magic Sudoku grid (x2 ∈ X) is fixed under q2 if the array C for that grid contains only three
values (4, 5 and 6), and is fixed under permutation of values followed by permutation of stacks and bands, and all rows and
all columns.
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Table 6
Permutations applicable to x1 .
Permutation operation Order
Reflection in the main diagonal. 2
Permute the rows in all three stacks. 2
Permute the columns in all three bands. 2
Permute the stacks and bands corresponding to permuting the values in C . 3!
Table 7
Permutations applicable to x2 .
Permutation operation Order
Four ways of arranging the values in C . 4
Reflection in the main diagonal. 2
Permutation of the second and third stacks. 2
Permutation of the second and third bands. 2
Permutation of the first and third rows in all bands. 2
Permutation of the first and third columns in all stacks. 2
There are 10 2-Quasi-Magic Sudoku grids with the properties of x2: 6 by Lemma 35, 2 by Lemma 36 and 2 by Lemma 39.
Furthermore the permutations in Table 7 may be applied to any element with the properties of x2 and it is still fixed
by q2. 
Theorem 49. There are 40 non-isomorphic 2-Quasi-Magic Sudoku grids.
Proof. Using Burnside’s Lemma (Lemma 41), the number of non-isomorphic 2-Quasi-Magic Sudoku grids is calculated. The
three conjugacy classes for which there exists at least one element of X which is fixed underQ are the identity, e (containing
only one symmetry operation), Q1 and Q2. Using the size of the two conjugacy classes (Lemmas 45 and 46) and the number
of fixed grids for each of the elements of each conjugacy class (Theorem 40 and Lemmas 47 and 48) the number of non-
isomorphic grids is:
F(e)+ |Q1|.F(Q1)+ |Q2|.F(Q2)
|Q| =
248832+ 64(1152)+ 36(1280)
9216
= 40. 
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